We are interested in the analogue of a result proved in the number field case by E. Brown and C.J. Parry and in the function field case in odd characteristic by Zhang Xianke. Precisely, we study the ideal class number one problem for imaginary quartic Galois extensions of
Introduction
E. Brown and C.J. Parry have shown in [2] that there are exactly 47 imaginary bicyclic biquadratic number fields with ideal class number one. The analogous problem in the function field case consists in checking for all imaginary quartic Galois extensions of k = F q (x), with Galois group Z/2Z×Z/2Z, such that their ideal class number is equal to one. If L/k is such an extension, there exists exactly three distincts K 1 , K 2 and K 3 subfields of L which are quadratic extensions of k.
In [12] , Zhang Xianke has given all solutions to the preceding problem in case of odd characteristic : for each solution, at least one subfield K i has a zero genus. Our purpose here is to study the problem in even characteristic.
In the following, F q will denote the finite field with q elements, with q a power of a prime, and k = F q (x) for an x transcendental over F q . All function fields F/F q will be supposed to admit F q as full constant field and we always assume that F is contained in a separable closure of k. If F is a finite extension of k, let us denote by S ∞ (F ) the set of places of F above the infinite place ∞ of k and by s ∞ (F ) the order of S ∞ (F ). The elements of S ∞ (F ) will be called the infinite places of F/k. If s ∞ (F ) = [F : k] , that is when the infinite place of k splits in F , one says that F/k is real, otherwise it is imaginary. A quadratic imaginary extension F/k is called ramified or inert according to whether the infinite place of k is ramified or inert in F . Let us denote by O F the integral closure of F q [x] in F . Then O F is a Dedekind domain and we denote by h O F the order of its ideal class group, called the ideal class number of O F or of F/k. A quartic Galois extension F/k of Galois group Z/2Z × Z/2Z will be called a bicyclic biquadratic extension of k. This paper is organized as follows. In Section 2, we give a relation between the ideal class number of an imaginary bicyclic biquadratic extension L/k and those of the three intermediate field extensions. In Section 3, for the convenience of the reader, we recall some previously known results concerning Artin-Schreier extensions in even characteristic. In Section 4, we prove the main theorem which gives all imaginary bicyclic biquadratic extensions L/k such that h O L = 1.
Factorization of class numbers
In this section, we show results analogous to the ones given by Zhang in odd characteristic (see [13] ).
Schmidt's relation
Let F be a finite extension of k and let h F be its divisor class number, that is the number of rational points over F q of the jacobian of F . Then we have the following relation due to F. K. Schmidt ([10] ):
where δ O F is the gcd of the degrees of the infinite places of F/k and r O F is the order of the group of zero-degree divisors with support in S ∞ (F ) modulo the principal ones. The regulator of F/k, denoted by R O F , is defined by:
where the denominator is the product of the degrees of the infinite places of F/k.
of the class of the zero-degree divisor (℘ 1 − ℘ 2 ) in the jacobian of F/k and if moreover g F > 0 and deg
• Recall that for any function field F/F q of zero genus, we have
Behaviour of places and zeta functions in a quartic extension
Let L/k be an imaginary bicyclic biquadratic extension. Since L/k is Galois of Galois group Z/2Z×Z/2Z, there is by Galois theory three distinct subfield extensions K i /k. For a place p of k, we denote by g p the number of places ℘ of L lying over p, f p their relative degree and e p their ramification index. Only five situations may occur. Indeed, we have e p f p g p = 4 and thus only 6 possibilities for (e p , f p , g p ). The situation (e p , f p , g p ) = (1, 4, 1) is impossible, since, for such a place, the quotient of the decomposition group by the inertia group is isomorphic to the Galois group of L/k which is bicyclic and also isomorphic to the Galois group of the residue class extension L ℘ /k p which is cyclic. Thus we only have to consider the following cases:
We see that in the first case p is totally decomposed in all the K i and in the second one p is totally ramified in all the K i . Using the properties of the decomposition field and the inertia field, we can show that, in case three p is inert in one K i and ramified in the two others, in case four p is decomposed in one K i and ramified in the two others, and finally in case five p is decomposed in one K i and inert in the others. Thus, if we focus on the infinite place of k, we have the following different situations:
• case 1 -all K i /k, i = 1, 2, 3, are real,
• case 3 -two K i /k are ramified, the third one is inert,
• case 4 -two K i /k are ramified, the third one is real,
• case 5 -two K i /k are inert, the third one is real.
Case 1 cannot occur since we assumed that L/k is imaginary.
is a monic square-free polynomial of odd degree and we see that K 3 /k is real since K 3 = k(y 3 ) with y
2 is a monic square-free polynomial of even degree.
For an extension F of k, let ζ O F be the zeta function of O F , defined by
where s ∈ C, the sum ranges over the nonzero ideals I of O F and N(I) stands for the norm of the ideal I, that is by definition the number of elements of the residue class ring O F /I, and finally the product ranges over the nonzero prime ideals ℘ of O F . The zeta function of the function field F/F q is such that
Then we have:
Theorem 2.3 Let L be an imaginary bicyclic biquadratic extension of k and let K 1 , K 2 and K 3 be the three intermediate fields of L/k. Then we have:
Proof: If we denote by Spec (O F ) the set of prime ideals of O F , we have for all i ∈ {1, 2, 3}:
Thus we obtain:
where
with χ(p) = −1, 0, or 1, according whether p is inert, ramified or splits in K i /k. Then we have to consider the behaviour of a place p of k in the different extensions and remark that the norm of a place ℘ over p in L equals N (p) or N (p) 2 , according whether ℘ is of degree one or two. A simple calculation gives us the result.
Proof: According to (2), we have to look at the behaviour of the infinite places of these fields.
Formula for class numbers
Using the previous results, we have the following proposition.
Corollary 2.5 If the imaginary bicyclic biquadratic extension L/k has a real quadratic subfield, say K = K 1 (cases 4 and 5), we have:
Else (cases 2 and 3), we have:
Proof: For any function field L/F q , a residue calculus gives (see [8] ):
which gives us:
One gets the result observing that, in any function field F/k, if there is only one place in F above the infinite place of k, then the regulator R O F is equal to one.
Let L/k be an imaginary bicyclic biquadratic extension which has a real quadratic subfield K. By Dirichlet's theorem the unit group of L and K are of rank 1. We set
for the index of the units.
Lemma 2.6 Let L be an imaginary bicyclic biquadratic extension of k which has a real quadratic subfield K. Then we have:
, where m is an integer, thus mQ L/K = 2 and then Q L/K = 1 or 2. Note that this a particular case of the situation considered in [1] from which we can also deduce the second statement.
Proposition 2.7 Let L/k be an imaginary bicyclic biquadratic extension and let K i , i = 1, 2, 3, be the three intermediate fields. We have
where Q = 2 if none of the K i /k is real and Corollary 2.8 Let L/k be an imaginary bicyclic biquadratic extension and let K i , i = 1, 2, 3, be the three intermediate fields.
If all
K i /k are ramified (case 2) then h O L = 1 ⇐⇒ (h O K i ) 1≤i≤3 = (1, 1, 1) .
2.
If two K i /k are ramified and the third one is real (case 5) then
3 Quadratic extensions in even characteristic
Equation of Artin-Schreier extensions
Let us recall the Hasse normalized equation for an Artin-Schreier extension in even characteristic.
Proposition 3.1 -(see [3] or [4] ) -Let k = F q (x), with q a power of 2, and let K/k be an Artin-Schreier extension. Then K = k(y), where y verifies the following equation
with
• N and P i are monic polynomials of F q [x] and N(x) is prime to
• n i is odd for all i, 1 ≤ i ≤ r.
We set
For a fixed x, there exists y ∈ K such that K = k(y), where y satisfies (4) and furthermore,
If an Artin-Schreier extension K/k is such that K = k(y), with y satifying equation (4), we will set K = K f .
Remark 3.2
The number r which appears in (4) is the number of finite places of k which are ramified in K.
fixed.
Parity of the ideal class number
Let us quote a result concerning the parity of the ideal class number of a quadratic extension K/k. In [14] , the quadratic extensions K/k with an odd ideal class number are characterized in the odd characteristic case. For even characteristic one has the following result.
Proposition 3.3
Assume that the characteristic of k equals 2. Let K/k be a quadratic extension, K = k(y), where y satisfies (4). Then the ideal class number h O K is odd if and only if the number r of finite places of k which are ramified in K is such that
• r = 0, or
• r = 1 and K/k is real.
Recall that if K/k is inert, then, according to (1) , h O K is even. Sketch of proof: (see [9] ) We have K = k(y), with
Let us show that the 2-rank, R, of the ideal class group of K/k is equal to
We denote by H the Hilbert class field of (K, S ∞ ) and by M/K the maximal 2-primary subextension of H/K. One can define M explicitly. In fact, consider the partial decomposition of f (x):
It can be shown that M = K(y 0 , . . . , y r ) (resp. M = K(y 1 , . . . , y r )) if K/k is imaginary (resp. real), where y i satisfies the equation
R , we obtain the result.
Quadratic extensions with a small ideal class number
We will also use the following result, which, in even characteristic, gives all imaginary quadratic extensions K/k such that h O K = 1 or 2. The case h O K = 1 is due to [7] and [6] and the case h O K = 2, to [5] or [4] .
Proposition 3.4
Assume that the characteristic of k equals 2 and let K/k be an imaginary quadratic extension. Let K = k(y), then one has (up to an isomorphism leaving the infinite place of k fixed). We denote by α a generator of F * 4 .
If g
• k = F 4 (x) with y 2 + y = x 3 + α.
, where y 2 + y = f (x) with
f (x) = x + 1 + to the preceeding one.
• k = F 4 (x), where y 2 + y = f (x) with
For a bicyclic biquadratic extension L/k, one can relate an intermediate field with the two others.
Compositum of Artin-Schreier extensions
Lemma 3.5 Assume that the characteristic of k equals 2. Let L/k be a bicyclic biquadratic extension. Then L is the compositum of K 1 = K f1 and K 2 = K f 2 , with f 1 , f 2 F 2 -linearly independent and the third intermediate field is
Proof: It is consequence of the results quoted in [11] .
Principal imaginary bicyclic biquadratic function fields in even characteristic
The solutions to the ideal class number one problem for imaginary bicyclic biquadratic function fields in even characteristic are listed in the following theorem.
Theorem 4.1 Let L be an imaginary bicyclic biquadratic extension of k = F 2 e (x) and let K i , i = 1, 2, 3, be the three distinct intermediate fields. The extensions L/k with ideal class number equal to one are exactly the following (up to isomorphism leaving the infinite place of k fixed) : L = k(y, z), where
, with degree one polynomials f, g ∈ F 2 e [x] that are independent over F 2 e and then g L = 0.
, and then g L = 2.
and then g L = 1.
and z 2 +z = x+ 1 and then g L = 3.
and z 2 +z = x+ 1 and then g L = 5.
As previously, we denote by α a generator of F *
.
Proof: The genus of a solution L/k will be easily computed using (5). For each subfield K i = k(y i ) of L, we will consider the equation y (b) If q = 4 and g K > 0, then, according to Proposition 3.4, there is a unique K such that h O K = 1. Let K 1 = k(y), with y 2 +y = x 3 +α and g 1 = 1, and let K 2 be k-isomorphic to K 1 and also ramified. Then K 2 = k(z) with z 2 + z = x 3 + ax + b, where a, b ∈ F 4 . Thus, we obtain K 3 = k(u), u 2 + u = ax + (b + α) with g 3 = 0 and this gives solution 2 of the Theorem.
(c) If q = 2 and g K > 0, then according to Proposition 3.4, there are exactly two K such that h O K = 1, which are k(u), with u 2 + u = x 3 + x + 1, g = 1, and k(v), with v 2 + v = x 5 + x 3 + 1, g = 2. They both define ramified extensions K/k. Let us take
has genus 2 and, since it must have an ideal class number equal to 1, it has to be k-isomorphic to k(v). There are no solutions in this case. It can easily be shown that if one takes K 1 = k(u) and K 2 (ramified) k-isomorphic to k(u), there are no solutions too. Same conclusion if one takes f (v) instead of k(u).
(case 5)
Two K i /k are ramified, the third one is real and
(a) If the two ramified fields have genus 0, there are no solutions, since the third field will also be ramified (see Proposition 3.1).
(b) Now we take one ramified field, say K 1 , with genus 0 and the other ramified field, say K 2 , such that g 2 > 0 and h O K 2 = 1 or 2. Then, according to Proposition 3.4, we must have q = 2 or 4.
i. If h O K 2 = 1, it can easily be shown as previously that the third field will be ramified too, so this case cannot occur.
ii. If h O K 2 = 2 and q = 4, the unique possibility (up to isomorphism) is
Since K 3 /k has to be real, we must have a = 1 and b = 0. Then g 3 = 0 (so h O K 3 = 1) and this will give a solution if Q = 1. The genus of L is g L = 1 and the two places of S ∞ (L) are of degree one because there is some ramification in K 1 and K 2 . So, since g L > 0, the regulator of L is strictly greater than 1 and, since g 3 = 0, the regulator of K 3 equals 1, so Q = 1. This is solution 3 of the Theorem.
iii. If h O K 2 = 2 and q = 2, we consider the six possibilities for K 2 = K f 2 given in Proposition 3.4. In the following, we set
• Since the third subfield K 3 of L has to be real, we must have K 3 = K f 3 , with deg(f 3 ) < 0 and, since f 1 is a linear polynomial, we will have no solutions if the polynomial part of f 2 has a degree greater than 1.
give no solution.
• If f 2 (x) = x + 1 + 1 x , then f 1 (x) = x + 1 is the only possibility to obtain a real third subfield. It gives
x , which is a real extension of k such that g 3 = 0. With the same argument as above, we show that this is a solution (solution 4 of the Theorem) and g L = 1.
, then f 1 (x) = x + 1 is the only possibility to obtain a real third subfield. It gives f 3 (x) = x x 2 +x+1 , g 3 = 1. We can show that the divisor class number of K 3 is h 3 = 4. Since (
and it is easy to show that
This gives solution 5 of the Theorem.
• If f 2 (x) = x + 1 + 1 x 3 , f 1 (x) = x + 1 is the only possibility to obtain a real third subfield. It gives f 3 (x) = 1 x 3 , g 3 = 1 and h 3 = 3. Thus h O K 3 = 1 and r O K 3 = 3. As previously, L is a real quadratic extension of K 1 = k(z) and L = K 1 (u) with
, h L = 6. We conclude that Q = 1 as before. This gives solution 6 of the Theorem.
• If f 2 (x) = x + 1 + , f 1 (x) = x + 1 is the only possibility to obtain a real third subfield. It gives f 3 (x) = • If q = 4, according to Proposition 3.4 we must have f 1 (x) = x 3 + α (up to isomorphism) and f 2 = x + a x (up to isomorphism). One cannot obtain a third real subfield.
• If q = 2, it is easy to see that there are no solutions for similar reasons than previously.
Conclusion
If the characteristic of k is even, we have given all imaginary bicyclic biquadratic extensions L/k with ideal class number one. As for odd characteristic (see [12] ), all such extensions have at least one intermediate field with genus 0.
